Fillet Weld Stress Using Finite Element Methods by Lehnhoff, T. F. & Green, G. W.
FILLET WELD STRESS USING FINITE ELEMENT METHODS 
Ter ry  F. Lehnhoff 
U n i v e r s i t y  o f  Missouri -Rol la  
Gerald W. Green 
U n i v e r s i t y  of Missouri -Rol la  
Average e l a s t i c  Von R i s e s  e q u i v a l e n t  stresses were c a l c u l a t e d  a l o n g  t h e  t h r o a t  of' 
a s i n g l e  120 f i l l ~ t  weld. The average  elastic stresses were compared t o  i n i t i a l  y i e l d  
as well zs t o  p l a s t i c  i n s t a b i l i t y  c o n d i t i o n s  t o  modlfy c o n v e n t i o n a l  d e s i g n  fo rmulas  s o  
t h a t  t h e y  can  be used t o  p r e d i c t  e i t h e r  extreme of  f a i l u r e  by y i e l d i n g .  A new mul t i -  
p l y i n g  fac to r8  f o r  t h e   convention^; d e s i g n  formulas  is presen ted .  The f a c t o r  is a 
l i n e a r  f u n c t i o n  o f  t h e  t h i c k n e s s e s  o f  t h e  p a r e n t  p l a t e s  a t t a c h e d  by t h e  f i l l e t  weld. 
I n  t h e o r e t i c a l  a n a l y s e s  o f  stresses i n  welds ,  approximatLons have n o t  o n l y  been 
t r a d i t i o n a l l y  a c c e p t e d  b u t  have been c o n s i d e r e d  a p p r o p r i a t e .  Much o f  t h e  j u s t i f i c a t i o n  
f o r  t h i s  h a s  been based on t h e  presumption t h a t  a n a l y t i c a l  means f o r  a c c u r a t e  s o l u t i o n s  
are n o t  a v a i l a b l e .  Fur thermore,  t h e  l i m i t e d  q u a l i t y  c o n t r o l  t h a t  is p o s s i b l e  w i t h  many 
welding p r o c e s s e s  h a s  suppor ted  t h i s  viewpoint .  Welding technology  is, kc~wever, 
~ t e a d i l y  improving a l o n g  w i t h  t h e  q u a l i t y  c o n t r o l  t h a t  is n e c e s s a r y  t o  znsl ; re  c o n s i s -  
t ency  as well as r e l i a b l y  welded j o i n t s .  '3:s improvement. w i l l  c o n t i n u a  -s welding 
becomes an even more s i g n i f i c a n t  part. of f u t u r e  macufaclut . ing p rocesses .  
?he purpose o f  t h e  p r e s e n t  i n v e s t i g a t i o n  was t o  e s t a b l i s h  more p r e c i s e  des ign  
formulas f o r  s i n g l e  :=ID f i l l e t  welds s u b j e c t e d  t o  t e n s i l e  load ing .  The s t u d y  h a s  
revea led  a complexi ty  i n  v k a t  a p p e a r s  t o  be a r e l a t i v e l y  s imply  geometry ( f i g .  1  1. In 
a d d i t i o n ,  it i n d i c a t e d  t h a t  . r a r i a t i o n s  i n  t h e  t h i c k n e s s e s  o f  t h e  ge lded  p l a t e s  have an  
i n f l u e n c e  on such  welds. D i f f e r e n t  p l a t e  t h i c k n e s s e s  affect t h e  geometry as w e l l  as 
t h e  load p a t h s .  The change i n  geometry is r a t h e r  obv tous ,  b u t  t h e  a d d i t i o n a l  becding 
l o a d ,  uh ich  is a n a t u r a l  consequence of t h e  change i n  geometry,  h a s  n o t  been cons idered  
i n  t h e  c o n v e n t i o n a l  t h e o r y .  
BASIC THEORY 
Because t h e  t h r o a t  area o f  a weld a s  i n d i c a t e d  by l i n e  BD i n  figire 1 is t h e  mini- 
mum a r e a  th rough  which l o a d s  must be t r a n s f e r r e d ,  it is t h e  most p robab le  a r e a  o f  
f a i l u r e .  Leg BC is loadeZ predominant ly  i n  s h e a r .  whereas l e g  BE is p r i m a r i l y  i n  t en-  
s i o n .  The t h r o a t  must %hen be subjec5ed t o  a combinat ion o f  t e n s i o n  and s h e a r .  
Sh ig ley  and M i t c h e l l  (ref .  1 )  showed t h a t  t h e  l a r g e s t  p r i n c i p a l  s t r e s s  on a t h r o a t  a r e a  
is d e f i n e d  a s  
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and t h e  miximum shea r  stress as 
i n  which F is t h e  app l i ed  l o a d ,  P t h e  l e n g t h  o f  t h e  weld i n  a d i r e c t i o n  normal t o  t h e  
page, and h t h e  l e g  length .  These s t r e s s e s  are c a l c u l a t e d  as averages  f o r  t h c  e n t i r e  
t h r o a t .  Norr i s  ( r e f .  21, Salak ian  and Claussen ( r e f .  31, and Bagci ( r e f .  4 )  showed 
t h a t  t h e  stresses vary s i g n i f i c a n t l y  a long  both l e g s  and t h a t  t h e  t h r o a t  has  a  l a r g e  
s t r e s s  concen t r a t i on  a t  p o i n t  B. Thus, a l though equa t ions  ( 1 )  and ( 2 )  are known t o  
g ive  average r e s u l t s ,  Sb iq ley  and Mi t che l l  ( r e f ,  1  1 noted t h a t  f o r  des ign  purposes,  it 
is customary  ti^ base %he s h e a r  s t r e s s  on t h e  t h r o a t  a r e a  and t o  n e g l e c t  t h e  normal 
s t r e s s  a l t o g e t h e r .  On t h i s  b a s i s ,  t h e  equa t i on  f o r  average s h e a r  s t r e s s  becomes 
and r from equa t ion  ( 3 )  is 1.27 times g r e a t e r  than  from equat ion  ( 2 ) .  Obviously, an 
unknown s a f e t y  f a c t o r  has  been incorpora ted  i n  equa t i on  :3!. 
The p r e s e n t  s t udy  brought o u t  t h e  f a c t  t h a t  t h e r e  is a l o g i c a l  r a t i o n a l e  f o r  a 
mul t ip ly ing  f a c t o r  somewhat d i f f e r e n t  than t h e  one used i n  ':ion (3).  Because t h e  
f a i l u r e  o f  mechanical components from e i t h e r  static o r  f a t i  load ing  was s h o r n  by 
Shig ley  and Mi t che l l  ( r e f .  1 )  t o  be r e l a t e d  t o  t h e  Von i4ises-Hencky equ iva l en t  stress, 
it is used e x t e n s i v e l y  i n  t h e  d i s cus s ion  which fo l lows .  
If it is a s s ~ m e d  as i n  equa t ion  ( 3 )  t h a t  t h e  t h r o a t  is s u b j e c t e d  t o  pure  s h e a r ,  
then t h e  e q u i v a l e o t  Von Mises stress can be shown t o  be 
In  t h e  p r e sen t  i n v e s t i g a t i o n ,  t h e  f i n i t e  elemer? method was used t o  determine t h e  
a c t u a l  d i s t r i b u t i o n  of t n e  Von Mises stresses a long  t h e  t h r o a t  f o r  s e v e r a l  weld con- 
f i g u r a t i o n s .  Averages of t h e  r e s u l t s  from e l a s t i c  ana ly se s  were ob ta ined ,  and t h e s e  
were compared wi th  t h e  r e s u l t s  from some p l a s t i c  ana lyses .  
MODELS 
Models were prepared,  and ana ly se s  were performed by s e n i o r  mechanical eng inee r ing  
3 tudents  a t  t h e  Univers i ty  of  Mis sou r i -R~ l l a .  The f i n i t e  elemont method was used t o  
develop t h e  models shown i n  f i g u r e s  1 and 2. Seve ra l  t ypes  and re f inements  o r  meshes 
were used a t  va r ious  s t a g e s  of  t h e  work. Four-node q u a d r i l a t e r a l  and three-node tri- 
angu la r  e lements  as wel l  a s  eight-node q u a d r i l a t e r a l  and six-node t r i a n g u l a r  e lements  
were used i n  t h e  models. I n  each  model, e l a s t i c .  ana ly se s  were performed wi th  t h e  e l e -  
ment dimensions va ry ing  from 0.0635 (0.025) i n  most of the weld t o  0.254 mm (0.010 
i n . )  i n  the area of the aost s ign i f i cac t  s tress  concentration (point B i n  f i g .  1 ) .  
For t h e  e l a s t i c  ana ly se s ,  t h e  maximum number OL nodes was 2121, and t h e  maximum number 
of e lements  was 806. For t h e  p l a s t i c  ana ly se s ,  t h e  maximum number o f  nodes was 411, 
and t h e  maximum number of  e lements  was 160. The maximum computer t ime on an  IBM 4341 
f o r  t h e  e l a s t i c  ana ly se s  was 92 min, and t h e  maximum f o r  t h e  p l a s t i c  ana ly se s  was 10 
min. P l a s t i c  ana ly se s  f c r  which a r e f i n e d  mesh was used r e q u i r e d  a lmos t  f o u r  hours  
and were deemed imprac t i ca l  f o r  mu l t i p l e  analysts. 
-.. % 
illc g r i d  s i z e  was s e l e c t e d  s o  t h a t  a f t e r  s u f f i c i e n t  ref inement  i n  t h e  a r e a  of  
po in t  B t h e  nodal  s t r e s s e s  from a l l  e iements  surrounding a given node were t h e  same 
t o  a t  least one s i g n i f i c a n t  f i g u r e .  Point  B was an except ion  because of t h e  s t e e p  
stress g rad ien t s .  
EL :L' STIC ANALYSIS 
E l a s t i c  s t u d i e s  were performed ?or p l a t e  t h i cknesses  vary ing  from 6.35 (0.25) t o  
22.22 mm (0.875 in . )  i n  3.18 mm (0.125 i n . )  increments. The weld l e g  l eng th  was kep t  
cons tan t  a t  6.35 mm (0.25 in . )  f o r  a l l  p l a t e  th icknesses .  Only t h e  da t a  f o r  models 1 
(Green), 2  (Morlock), and 3 (O1brian) a s  def ined  i n  f i g u r e  1 have been shown i n  subse- 
quent f i gu re s .  S imi l a r  r e s u l t s  were obtained f o r  t h e  o t h e r  models. 
Three load  and c o n s t r a i n t  con f igu ra t ions  were s e l ec t ed .  The f i rs t  one, which is 
shown i n  f i g u r e  2a (Case I ) ,  was an  a t tempt  t o  s u b j e c t  t h e  weld as nea r ly  as p o s s i b l e  
t o  a d i r e c t  load without  a  moment. Complete e l imina t ion  o f  any moment would have been 
d e s i r a b l e  bu t  was impossible  f o r  t h e  unsymmetrical geometry of  t h e  conf igura t ion .  The 
loading  and r e s t r a i n i n g  cond i t i ons  f o r  p r a c t i c a l  a p p l i c a t i o n s  a r e  shown i n  f i g u r e s  2b 
(Case 2) and 2c (Case 3 ) .  These a r e  considered more r e a l i s t i c ,  because t h e  l oads  i n  
most phys i ca l  components would be uniformly t r a n s f e r r e d  through t h e  thickness.  
Because t h e  r e s u l t s  i n  Case 3 f o r  symmetric geometry and loading  were no t  s i g -  
n i f i c a n t l y  d i f f e r e n t  from Case 1 ,  they a r e  n o t  d i scussed  i n  d e t a i l  here.  
Figure 3 shows a deformed p l o t  c f  a s i m p l i f i e d  vers ion  of  Case 1. It i l l u s t r a t e s  
t h a t  a l though t h e  loading  and r e s t r a i n t s  were a l i gned ,  t h e  unsymmetrical geometry 
caused t h e  weld t o  r o t a t e  somewhat. 
F igs re s  4a-4c show t h e  gene ra l  t r ends  o f  t h e  s t r e s s  contours  f o r  maximum p r inc i -  
pa l  stress, ~ in imum p r i n c i p a l   tress and maximum shea r  s t r e s s  f o r  t h e  same moOel and 
load ca se  a s  shown i n  f i g u r e  3. These a r e  r e p r e s e n t a t i v e  of  t h e  s t r e s s  d i s t r i b u t i o n  
l.hroughout t h e  weld. 
Figure 5 shows t h e  d i s t r i b u t i o n  of  t h e  Von Mises equ iva l en t  s t r e s s  a long  t h e  weld 
t h r o a t  (BD i n  f i g .  1 )  f o r  Case 1. F igure  6 shows t h e  same Vnn Mises equ iva l en t  s t r e s s  
as f i g u r e  5. The l a r g e  stress a t  po in t  B has  been omit ted t o  show more c l e a r l y  t h e  
v a r i a t i o n s  occasioned by t h e  p l a t e  t h i cknesses  i n  t h e  va r ious  models. 
Figure 7 shows t h e  d i s t r i b u t i o n  of  t h e  Von Mises equ iva l en t  s t r e s s  along t h e  
t h r o a t  f o r  Case 2. Figure 8 shows t h e  same Von Mises s t r e s s  a s  f i g u r e  7 ,  and, aga in ,  
t h e  l a r g e  s t r e s s  a t  poin t  B has  been omit ted t o  show t h e  v a r i a t i o n s  occasioned by t h e  
p l a t e  t h i cknesses  i n  t h e  var;ous models. 
Figures 5 and 7 a r e  o f  d i f f e r e n t  s c a l e s  b e c a ~ s e  o f  t h e  l a r g e  s t r e s s e s  a t  po in t  B. 
However, f i g u r e s  6 and 8 a r e  o f  t h e  same s c a l e  and can be overlayed f o r  t h e  purpose of  
comparing t h e  e f f e c t s  of t h e  l oads  o f  Cases 1 and 2. 
PLASTIC ANALYSIS 
E l a s t l c  p e r f e c t l y  p l a s t i c  ana lyses  were condu2ted f o r  an  AWS E80XX e l e c t r o d e  wlth 
a t e n s i l e  s t r e n g t h  of  552 MPa (80 k p s i ) ,  a y i e l d  s t r e n g t h  of 462 MPa (67 k p s i )  and an  
assumed i d e n t i c a l  parent  p l a t e  ma te r i a l .  I n  g e n e r a l ,  t h e  c a l c u l a t i o n s  were performed 
with i nc reas ing  load increments  u n t i l  t h e  s t r e n g t h  became uns tab le .  
The less r e f i n e d  models w i th  nominal element dimensions o f  0.635 mm (0.025 i n . )  
were used i n  t h e  p l a s t i c  s t u d i e s .  This  was necessary ,  because t h e  i t e r a t i v e  s o l u t i o n  
procedure was more demanding of  computer resources .  F igures  9 ,  10 and 11 show t h e  
development o f  t h e  p l a s t i c  zones a s  t h e  load on a  weld o f  u n i t  l e n g t h  was i nc r ea sed  
t o  t h e  po in t  o f  i n s t a b i l i t y .  The r e s u l t s  i n  f i g u r e  9 a r e  f o r  model 1  (Green) wi th  
Case 2 load ing .  The r e s u l t s  i n  f i g u r e  10 a r e  f o r  model 2  (Morlock) wi th  Case 2 
load ing ,  whereas t h e  r e s u l t s  i n  f i g u r e  11 a r e  f c r  nodel  3 (OIBr ian)  v i t h  Lase 2 
loading.  S imi l a r  r e s u l t s  were a230 obta ined  f o r  t h e  o t h e r  models def ined  i n  f i g u r e  1. 
DISCUSSION 
The average e l a s t i c  Von Mises s t r e s s e s  a long  t h e  t h r o a t  shown i n  f i g u r e s  5 
through 8 a r e  suggested as being more i n d i c a t i v e  o f  f a i l u r e  than  t h e  t r a d i t i o n a l  rela- 
t i o n s h i p  g iven  by equa t ion  ( 3 ) .  F a i l u r e  i n  t h e  s t a t i c  s ense  car) be e i t h e r  t h e  i n i t i a -  
t i o n  o f  y i e l d i n g  o r  t h e  p o i n t  o f  p l a s t i c  i n s t a b i l i t y  where a weld ha s  e s s e n t i a l l y  
y i e lded  a long  t h e  e n t i r e  l eng th  of its t h r o a t .  
For t h e  models def ined  i n  f i g u r e  1 i n  each  of  t h e  e l a s t i c  ana ly se s ,  t h e  load  was 
taken  as 4.448 N (1.0 l b )  a c t i n g  on a  weld of  l e g  l e n g t h  6.35 mm (0.25 i n . )  and l eng th  
25.4 mm (1.0 in . ) .  For t h e s e  cond i t i ons ,  t h e  cunvent iona l  t heo ry  a s  expressed by 
equa t ion  ( 4 )  i n d i c a t e s  a n  average  Von Mises stress o f  67538 Pa (9.796 p s i ) .  Fur ther .  
more, t h e  convent iona l  t heo ry  does n o t  inc lude  p l a t e  t h i cknes s  a s  a  va r r ab l e .  
With Case 1 ( f ig.  2 )  and 4.448 N (1.0 l b l  l oad ing ,  f i g u r e s  5 a ~ d  6 show t h a t  t h e  
s t r e s s  does n o t  vary s i g n f f i c a n t l y  wi th  p l a t e  th ickness .  The average  stress was de- 
termined t o  be 58086 Pa (8.425 p s i ) .  With Case 2 ( f ig .  2 )  and 4 448 N (1.0 l b )  
load ing ,  t h e  average Von YLses s t r e s s  was determined t o  be 105699 Pa (15.331 p s i )  f o r  
model 1 ,  178470 Pa (25.886 p s i )  f o r  model 2  and 2148207 Pa (jb.001 p s i )  f o r  model 3. 
Case 2 l oad ing  t h u s  shows a  d e f i n i t e  dev i a t i on  from convent iona l  theory .  
If it is  assumed t h a t  t h e  f i n i t e  element r e s u l t s  i n d i c a t e  a  c o r r e c t  average Von 
Mises s t r e s s ,  then  t h e  convent iona l  equa t ion  should be m u l t i p l i e d  by 58086167538 = 
0.86 f o r  Case 1 type  loading.  I f ,  i n s t e a d  o f  assuming pure shea r  as i n  t h e  conven- 
t i o n a l  approach,  i t  is assumed t h a t  t h e  Von Mises s t r e s s  corresponding t o  equa t i ons  
( 1 )  and ( 2 )  is app rop r i a t e ,  then a  m u l t i p l i e r  of 0.82 f o r  equa t ion  ( 4 )  should be t h e  
r e s u l t .  The most a ccu ra t e  convent iona l  t heo ry ,  t h e r e f o r e ,  d e v i a t e s  by only  4 pe rcen t  
from t h e  f i n i t e  e lement  method. However, by exp re s s ing  equa t ions  ( 3 )  and ( 4 )  a s  t hey  
should be app l i ed  f o r  Case 1 ( f i g .  2 )  load ing ,  one ha s  
and 
Now t h e  m u l t i p l i e r s  i n  equa t i ons  ( 3 )  and (43 f o r  Case 2 ( f i g .  2 )  l oad ing  should be 
1.57 f o r  model 1 ,  2.64 f o r  model 2  and 3.68 f o r  model 3. Thus, convent iona l  theory  is 
inadequate  when t h e  p l a t e s  a r e  t h i c k e r  and t h e  l oad  is d i s t r i b u t e d .  
The comparison g iven  above i n  equa t i ons  ( 5 )  and ( 6 )  shows what is necessary  t o  
make t h e  convent iona l  formulas  f o r  t h e  average shea r  s t r e s s  on a  p l a s t i c  weld t h r o a t  
and t h e  corresponding Von Mises equivalent,  normal s t r e s s  ag ree  w i th  more a c c u r a t e  
c a l c u l a t i o n s  of  t hose  s t r e s s e s .  However, t h e  o b j e c t i v e  of t h e  de s ign  engineer  is t o  
be a b l e  t o  p r e d i c t  n o t  on ly  t h e  beginning of y i e l d i n g  b u t  t h e  f u l l y  p l a s i i r :  i n s t a b i l i t y  
cond i t i on  a s  w e l l .  Consequently, one must r e l a t e  equa t i ons  (5) and ( 6 )  t o  t h e s z  v l e l d  
condi t ions .  
P l a s t i c  a n a l y s e s  a l low ons t o  a d j u s t  t h e  convent iona l  formulas  (eqs .  ( 3 )  through 
( 6 ) )  s o  t h a t  e i t h e r  i n i t i a l  y i e l d i n g  o r  p l a s t i c  i n s t a b i l i t y  can be pred ic ted .  To de- 
termine t h e  cons t an t  f o r  t h e  i n i t i a t i o n  o f  y i e l d i n g ,  it is assumed t h a t  t h e  load a t  
which y i e l d l n g  f i r s t  occurs  corresponds t o  t h e  load  when an  element  i n  t h e  pa ren t  
ma te r i a l  immed5ately t o  t h s  l e f t  o f  t h e  corner  a t  p o i n t  B ( f i g .  1 )  has  experienced 
g e n e r a l  y i e l d i n g ,  and t h e  cc rne r  element  i n  t h e  weld has  j u s t  s t a r t e d  t o  y i e l d .  It 
was noted dur ing  t h e  numerical experiments  t h a t  a t  t h i s  load t h e  weld a l s o  begins  t o  
y i e l d  i n  t h e  reg ion  of  po in t  D. For each of t h e  models, t h i s  load was d iv ided  by t h e  
load a t  which p l a s t i c  i n s t a b i l i t y  occur red .  The average of  t h e s e  r a t i o s  was approxi-  
mately 213 f o r  a l l  o f  t h e  models f o r  both Case 1 and Case 2 loading.  None of  t h e  
models va r i ed  s i g n i f i c a n t l y  from t h e  213 value.  Thus, t h e  r a t i o  o f  t h e  load f o r  
i n i t i a l  y i e l d i n g  t o  t h e  load f o r  p l a s t i c  i n s t a b i l i t y  is  r e l a t i v e l y  c c n s t a q t  f o r  t h e  
models and f o r  t h e  m a t e r i a l  i l l u s t r a t e d  i n  f i g u r e s  9 through 11 2s w e l l  as f o r  t h e  
o t h e r s  noted i n  t h e  t a b l e  o f  f i g u r e  1 f o r  both Case 1 and Case 2 loading.  
It remains t o  show how t h e  average  e l a s t i c  Von Mises equ iva l en t  s t r e s s  r e l a t e s  t o  
e i t h e r  i n i t i a l  y i e l d i n g  o r  p l a s t i c  i n s t a b i l i t y .  F igures  9 through 11 show t h e  pro- 
g r e s s i o n  o f  t h e  p l a s t i c  deformation zones f o r  t h r e e  of  t h e  models. A s  noted e a r l i e r ,  
t h e  paren t  m a t e r i a l  and weld were assumed t o  be i d e n t i c a l  wi th  a  y i e l d  s t r e n g t h  of 462 
MPa (67 k p s i ) .  For t h i s  m a t e r i a l  and an e l a s t i c  p e r f e c t l y  p l a s t i c  assumption, t h e  
va r ious  models became uns t ab l e  a t  t h e  next  load  increment.  That i s  i n  f i g u r e  9 f o r  
m d e l  1 ,  t h e  i n s t a b i l i t y  is  shown t o  have occurred betwekn 17.8 (4.0) and 18.7 kN 
(4.2 k i p s ) ,  and i n  f i g u r e  10 f o r  model 2  t h e  i n s t a b i l i t y  is shown t o  have occurred 
between 10.7 (2.4) and 11.6 kN (2.6 k i p s ) ,  whereas i n  f i g u r e  11 ,  t h e  i n s t a b i l i t y  is 
shown t o  have occurred between 8.0 (1.8) and 8.9 kN (2.0 k i p s ) .  Furthermore, f o r  
Case 1 l oad ing ,  t h e  i n s t a b i l i t y  is shown t o  have occur red  a t  approximately t h e  same 
load f o r  a l l  r o d e l s  and was between 33.8 (7.6) and 35.5 kN (8.0 k i p s ) .  
The l o a d s  a t  which t h e  average e l a s t i c  Von Mises s t r e s s  e q u a l s  t h e  y i e l d  s t r e n g t h  
of t h e  m a t e r i a l  were determined. This  was done on t h e  presumption t h a t  gene ra l  p l a s -  
t i c  y i e l d i n g  and i n s t a b i l i t y  occur  when t h e  average e l a s t i c  Von Mises equ iva l en t  
3 t r e s ~  is equa l  t o  t h e  y i e l d  s t r e n g t h  of t h e  ma te r i a l .  To determine t h e s e  l o a d s ,  t h e  
y i e l d  s t r e n g t h  was d iv ided  by t h e  a-rerage e l a s t i c  Von Kises  s t r e s s e s  as i n d i c a t e d  i n  
f i g u r e s  5 through 8. For Case 2 load ing  f o r  model 1 ,  t h e  ratio is 19.4 kN (4.37 k i p s ) ,  
and f o r  model 2 ,  t h e  r a t i o  i s  11.4 kN (2.59 k i p s ) ,  whereas f o r  model 3 ,  t h e  r a t i o  is 
8.3 kN (1.86 k i p s ) .  For Case 1 load ing ,  t h e  load  when t h e  average Von Mises s t r e s s  
equaled t h e  m a t e r i a l  y i e l d  s t r e n g t h  was 35.4 kN (7.95 k i p s ) ,  and it was approximately 
t h e  same f o r  a l l  models. The l o a d s  a r e  compared i n  Table 1 where it is  ev iden t  t h a t  
t h e  average e l a s t i c  Von Mises s t r e s s  a long  t h e  t h r o a t  i a  an  e x c e l l e n t  i n d i c a t c r  of 
p l a s t i c  i n s t a b i l i t y .  
Because equa t i on  ( 6 )  permi ts  a more a c c u r a t e  c a l c u l a t i o n  of t h e  average Von Mises 
equ iva l en t  s t r e s s  a long  t h e  t h r o a t  o f  t h e  weld, it a l s o  p r e d i c t s  t h e  f u l l y  p l a s t i c  in -  
s t a b i l i t y  cond i t i on  when t h e  c a l c u l a t e d  Von Mises s t r e s s  e q u a l s  t h e  y i e l d  s t r e n g t h  of  
t h e  m a t e r i a l .  Furthermore, equa t i on  ( 6 )  can be used t 9  p r e d i c t  t h e  o n s e t  of y i e l d i n g  
when t h e  c a l c u l a t e d  s t r e s s  e q u a l s  213 of t h e  m a t e r i a l  y i e l d  s t r e n g t h .  
To o b t a i n  a  des ign  equa t ion  f o r  t h e  onse t  o f  y i e l d i n g ,  equa t ion  (6 ;  can be rnulti- 
p l i e d  by 312 as fo l lows:  
When t h e  appl ied  load  F is such t h a t  a equa l s  t h e  m a t e r i a l  y i e l d  s t r e n g t h ,  t hen  f o r  
Case 1 loading ,  t h e  weld w i l l  experience t h e  i n i t i a t i o n  of y ie ld ing .  For Case 2 
loading ,  t h e  0.96 fackor  must be rep laced  by 1.57, 2.64, and 3.68 f o r  models 1 ,  2, 
and 3 r e spec t ive ly .  A l l  o f  t h e  cons t an t s  a r e  l i s t e d  i n  Table 2 The da t a  f o r  load  
Case 2 from Table 2 a r e  p l o t t e d  i n  f i g u r e  12. Because t h e  cons t an t s  a r e  r e l a t e d  
l i n e a r l y ,  one can w r i t e  equat ion ( 7 )  a s  fol lows:  
i n  which 
f o r  Case 2 ,  and k lh ,  t h e  p l a t e  t h i ckness  t o  weld l e g  l eng th  r a t i o ,  must be g r e a t e r  
than o r  equal  t o  one. Equations ( 7 )  and ( 8 )  ~ r o v i d e  t h e  b a s i s  f o r  t h e  des ign  of 
s i n g l e  l a p  F i l l e t  joLnts  f o r  t h e  i n i t i a t i o n  of  y i e l d i n g  of t h e  weld t h r o a t .  E q u a t i ~ n  
(6  al-lows f o r  f u l l y  p l a s t i c  design.  However, t h e  i n f luence  of  s t r a i n  hardening wl.11 
usua l ly  make equat ion  ( 6 )  somewhat conserva t ive .  
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TABLE 1.-RELATION OF AVERAGE ELASTIC VON MIS= AHIj PLASTIC LOADS 
Load f o r  Average 
PLATE THICKNESS 7on Mises S tres s  Load Range f o r  LOAD CASE Equal t o  Material P l a s t i c  I n s t a b i l i t y  
mm ( i n . )  Yield Strength kN (kips)  
k: ( k i p s )  
TABLE 2.-CONSTANTS FOR EQUATION 7 
LOAD CASE PL.ATE THXKNESS CONSTANTS FOR 
mm ( i n . )  EQUATION 7 
All 3.16 
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